TECHNICAL NOTES AND SHORT PAPERS
For the past 21 years one of the authors has been concerned with empirical theorems expressing certain classes of positive integers as the sum of four tetrahedral numbers, or "tetrahedrals"
T" = n(n + l)(w + 2)/6, n > 0, the results being contained in short notes and abstracts, as well as unpublished tables [1 ] were done by hand, employing at the most a desk calculator.
The exceptional numbers, which by definition are those not expressible as 24, were tabulated previously only up to 2000. But even that far interesting features turned up, such as 1314 being the only exceptional number ending in 4, and the very few ending in 1 or 9 [4] . Then for numbers ending in 6 and < 20000, 6186 turned out to be the only exceptional one [6] . Also there was no striking difference between the density of exceptional numbers in the first thousand and in the second thousand brackets, decreasing from around 4|% to 3%, so that it was interesting to speculate upon the approximate density in the neighborhood of say 10 00000. Then finally, the verification of the conjectures that every integer is a S5 and that every integer m = 5r is a 24 for the first 20000 cases, while every lOr + 6, r = 0, 1, 2, • • •, 617, is a 24 until 6186, posed the question as to whether an exception might occur to either of the former two empirical theorems even after verification in those first 20000 cases. Thus it was felt that tabulation of the exceptional numbers < 10 00000 would afford a much clearer picture as to their distribution and density, as well as stronger evidence for the truth of Pollock's conjecture and the author's (and Richmond's [11] ) conjecture that every m = 5r is a 24.
This table of exceptional numbers < 10 43999 presents a great surprise in its picture of their distribution which is entirely different from that envisioned from those < 2000 [4] . Most strikingly unexpected is the decrease in the density of exceptional numbers from several percent in the neighborhood of 2000 to what appears to be practically zero near 10 00000. The scarcity of exceptional numbers in the higher ranges is in accordance with Hua's result that "almost all" positive integers are expressible as a 24 [15] , [16] . But even more, this table shows that the likelihood of a given number m being exceptional falls off so rapidly with increasing m that it appears to be a plausible conjecture that there might be some Wo sufficiently large such that every m > m<¡ is a 24 (a conjecture unlikely to suggest itself from the exceptional numbers among only the first few thousand). License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use A quick glance over this table is sufficient to verify Pollock's conjecture for each of the first million integers. Furthermore, from the absence of any exceptional numbers in the range 3 43867 to 10 00000 and from an upper bound to the magnitude of the first differences of tetrahedral numbers < 2500 00000, it is easily shown that for any number m between 10 00000 and 2500 00000, it is always possible to find a Tn such that 3 43867 < m -Tn < 10 00000. Thus every m < 2500 00000 is a 2$. (This fact and the extreme rarity of large exceptional numbers makes the empirical theorem of Pollock that every integer is an 26 as overwhelmingly certain as one can be short of actual proof.) This table verifies that every m = 5r is a 24 for the first 2 00000 values of r, making it also a very plausible empirical theorem. In the class of the first 1 00000 values of both m = lOr + 4 and m = 10r + 6, 1314 and 6186 respectively are the sole exceptional numbers. Among the first 1 00000 values of m = lOr + 1, only 271, 1731 and 2251 are exceptional. Among the first 1 00000 values of m = lOr + 9, only 219 and 709 are exceptional. All exceptional numbers m, where 6186 < m < 10 00000, are here seen to be of the form lOr + 2, lOr + 3, lOr + 7 or lOr + 8, and that appears to be another plausible conjecture for every exceptional m > 6186.
The method of computation was to obtain I J + l 1+1 l + l I for every i,j, k, I > 0 until one found for every m < 10 43999 either a representation as a 24 or that that m was exceptional. The calculation was begun upon the Univac Scientific Computer (ERA 1103) at the Convair Digital Computing Laboratory, the initial part re-run, and then those results were checked and continued upon the IBM 704 Digital Computer. At the start upon the ERA 1103, 500 words of high speed storage with 36 binary bits in each word permitted the investigation of 18000 numbers at a time. Then the IBM 704 had at its disposal 3000 words of high speed memory, each of the 36 binary bits in a word representing a number, so that 1 08000 numbers could be investigated at one time. The 1 08000 binary bits were filled with l'a at the start, and a 0 introduced into the binary position of the word which represented a non-exceptional m. After all possible combinations of i, j, k, I had been exhausted, each of the 3000 words was searched for binary bits that remained 1 and the exceptional numbers m corresponding to those bits were printed out. In choosing combinations of », j, k, I, repetitions due to symmetry were avoided, as well as combinations yielding an m that was either too large or too small for the group of 1 08000 numbers under consideration.
Those interested in actual mathematical proofs (which appear to be rather involved) may consult Dickson [12] , [13] for earlier work, and Watson [14] for the sharpest results to date. It is rather amazing that the proved p in m = 2P for every m is p = 8, and no better than p = 8 for arbitrarily large m, while the actual p (according to the evidence in this table) may be only 5 for every m, and 4 for sufficiently large m, less by 3 and 4 respectively. Considering the difficulty of the existing proof for p = 8 [14] , one may well wonder, should p = 5 or p = 4 be the truly minimum values, for every m, and m sufficiently large, respectively, how long the world must wait and how difficult and sharp the mathematical
